Abstract. We prove that if some power of a space X is rectifiable, then X πw(X) is rectifiable. It follows that no power of the Sorgenfrey line is a topological group and this answers a question of Arhangel skiȋ. We also show that in Mal tsev spaces of point-countable type, character and π-character coincide.
Introduction
A space X is said to be rectifiable or to have a rectifiable diagonal if there is a homeomorphism Ψ : X 2 → X 2 and an element e ∈ X such that π 1 • Ψ = π 1 and for all x ∈ X, Ψ(x, x) = (x, e). Here π 1 : X 2 → X is the projection onto the first co-ordinate. We call the mapping Ψ a rectification of X, the element e is called a right unit element. By πw(X) and w(X) we denote the π-weight and weight of X respectively. By πχ(X), χ(X) and d(X) we denote π-character, character and density.
Spaces with a rectifiable diagonal were introduced by Uspenskiȋ [16, 17] . Every topological group is rectifiable by means of the mapping Ψ(x, y) = (x, xy −1 ). Conversely, not every rectifiable space admits a group structure; the 7-dimensional sphere S 7 is rectifiable but not a topological group (see [17, §3] ). Gul ko proved in [6] that some results on topological groups generalize to rectifiable spaces. For example, a rectifiable space is metrizable if and only if it is first countable. Furthermore, some cardinal functions coincide in rectifiable spaces as they do in topological groups, see [6, Theorem 3.3] for more details.
The following question is due to A. V. Arhangel skiȋ [1] and it was brought to my attention by T. Eisworth at the problems session of the Spring Topology and Dynamics Conference 2007: Question 1.1. Is some power of the Sorgenfrey line a topological group?
The aim of this note is to answer this question negatively. In fact, we will show that no power of the Sorgenfrey line is rectifiable. We will prove that if some power of the space X is either rectifiable or a topological group, then X πw(X) has the same property. Since the Sorgenfrey line S has countable π-weight but S ω is not rectifiable, it follows that no power of S is rectifiable, see Corollary 2.4 below.
Our results are similar to results obtained by the author in [13] . Recall that a space X is homogeneous if for every x, y ∈ X there is a homeomorphism h of X such that h(x) = y. A space X is called power homogeneous if X µ is homogeneous for some cardinal number µ. A space of the form X µ is called ∆-homogeneous if for all points x and y on the diagonal of X µ there is a homemorphism h of X µ mapping x onto y. Here, the diagonal of X µ consists of all points x ∈ X µ such that x α = x β for all α, β ∈ µ. Ridderbos proved in [13, Theorem 4.5 ] that if X is power homogeneous, then X πw(X) is ∆-homogeneous. So the homogeneity of some (possible very large) power of X implies the existence of 'many' homeomorphims on X πw(X) . Since every rectifiable space is homogeneous, the results of this paper may be seen as an improvement of Theorem 4.5 from [13] for the class of spaces X that have a rectifiable power space. It is unknown in general whether X πw(X) is homogeneous provided that X is power homogeneous, see [12, Question 2.4] .
We recall from [6] that not every homogeneous space is rectifiable. Gul ko proved in [6] that no non-trivial space with the fixed point property is rectifiable. So the Hilbert cube is an example of a homogeneous space which is not rectifiable. The convergent sequence serves as an example of a nonhomogeneous space some power of which is a topological group and hence rectifiable.
Main result
All spaces under consideration are Hausdorff. All product spaces in this paper carry the usual product topology. Fix a space X. If µ is an infinite cardinal number and A ⊆ µ, then by π A we denote the projection of
. In this case we also abbreviate π A,B (w) by w A,B , where w = (x, y) ∈ X µ × X µ . The following theorem was proved in [13] .
Theorem 2.1 ([13, Theorem 4.4])
. Let X be a topological space and suppose that πw(X) ≤ κ ≤ µ. Suppose further that h :
≤κ then there are an A ∈ [µ] ≤κ and a homeomorphism
Now suppose that X µ is rectifiable with rectification Ψ and πw(X) = κ ≤ µ. Then it follows from the previous theorem that there are A, B ∈ [µ] κ and a homeomorphism Ψ A,B :
To prove our main result, we need that A = B. We prove that this is possible in the following lemma.
Lemma 2.2. Let X be a topological space and suppose that πw(X) ≤ κ ≤ µ. Suppose further that h :
κ and a homeomorphism h A :
Proof. The proof is almost identical to the proof of Theorem 4.4 in [13] . Applying [13, Theorem 4.3], we find sequences (A n ) n and (B n ) n such that
Finally, we let A = n<ω A n and B = n<ω B n . It follows from (2) that A = B and by (3) we have that for all w, z ∈ X µ × X µ :
We now take any injection i :
The proof that h A is a homeomorphism with the desired properties is exactly as in the proof of [13, Theorem 4.4] .
We now come to our main result. Theorem 2.3. Suppose that some power of X is either rectifiable or a topological group. Then X πw(X) has the same property.
Proof. Let πw(X) = κ and suppose that X µ is either rectifiable or a topological group. It is easy to see that the product of rectifiable spaces is again rectifiable and this is also true for topological groups, cf. [7, Theorem 6.2] . We may therefore assume without loss of generality that κ ≤ µ.
We first deal with the rectifiable case. So assume that Ψ is a rectification of X µ with right unit element e ∈ X µ . By Lemma 2.2 we find
It follows from ( †) that Ψ A is a rectification on X A with right unit element e A . To see this, fix any injection i :
A is arbitrary, we have
Next, let π 1 A and π 1 µ be the projections of X A × X A and X µ × X µ onto the first co-ordinate X A and X µ respectively. Since π
This shows that Ψ A is a rectification on X A with unit element e A . Since |A| = πw(X), it follows that X πw(X) is rectifiable. Next we deal with the case that X µ is a topological group with identity e ∈ X µ . We denote the group operation on X µ by and define g :
y). Then g is a homeomorphism so we may apply Lemma 2.2 to find A ∈ [µ]
κ and a homeomorphism g A on
Next let π 1 A be the projection of X A × X A onto the first co-ordinate and similarly, π 2 A is the projection onto the second co-ordinate. We now define a continuous binary operation A on X A as follows for x, y ∈ X A ;
It is not hard to realize that the following identity follows from ( † †), ( † † †)
A • π A,A = π A • . We leave it to the reader to verify that A is a continuous group operation on X A with identity e A and inverses given by h where h(x) = π 1 A • g A (x, e A ). Since |A| = πw(X), this completes the proof.
It follows from the following corollary that no power of the Sorgenfrey line is rectifiable; simply note that the π-weight of this space is countable whereas it has uncountable weight. This also answers Question 1.1.
Corollary 2.4. Suppose that some power of X is rectifiable. Then we have the following:
(1) w(X) = πw(X), (2) If the π-weight of X is countable, then X is metrizable.
Proof. It follows from the previous theorem that X πw(X) is rectifiable. Gul ko proved in [6, Theorem 3.3] that the π-weight and weight coincide in rectifiable spaces. Since w(X πw(X) ) = w(X) and πw(X πw(X) ) = πw(X) (cf. [8, 5.3] ) this proves the first statement.
Next suppose that the π-weight of X is countable. Then it follows from (1) and [8, 5.3] that the character of X ω is countable. Since X ω is rectifiable it follows from [6, Theorem 3.2] that X ω (and hence X) is metrizable.
Van Mill noted in [9, Corollary 1.3] that if X is a homogeneous compactum, then assuming GCH, χ(X) ≤ πw(X). It follows from a result of Arhangel skiȋ, Van Mill and Ridderbos that the same statement holds if X is a power homogeneous compactum, see [3, Corollary 2.5] and [11, Proposition 2.1]. If some power of X is rectifiable, then we can drop the compactness assumption and GCH entirely, since in this case it follows from (1) of the previous corollary that χ(X) ≤ πw(X). Since the π-character and character coincide in rectifiable spaces by [6, Theorem 3.3] , this raises the following question:
Question 2.5. Suppose that some power of X is rectifiable (or a topological group). Is it the case that πχ(X) = χ(X)?
We will prove below that for spaces of point-countable type, the answer to this question is 'YES'. Recall that a space X is called a Mal tsev-space if there is a continuous function µ : X 3 → X such that µ(x, x, y) = y = µ(y, x, x) for all x, y ∈ X. In this case the function µ is called a Mal tsev function.
The class of Mal tsev spaces is closed under taking retractions and if X is a topological group, then the formula xy −1 z defines a Mal tsev function on X. So if a space X is a retract of a topological group, then it is a Mal tsev space. Conversely, it was shown by Sipacheva in [15] that every compact Mal tsev space is also a retract of a topological group (see [5, Corollary 6] and [10, Theorem 1.6] for generalizations).
Uspenskiȋ noted in [17, Proposition 14] that rectifiable spaces admit a Mal tsev operation. So if some power of a space X is rectifiable, then X is itself a Mal tsev space. Now let X be a compact space some power of which is rectifiable. Then X is a compact Mal tsev space and therefore χ(X) = πχ(X). This follows from the fact that compact Mal tsev spaces are dyadic, which was proved by Uspenskiȋ [17] and therefore weight and π-character coincide in compact Mal tsev spaces, see [2, III §1]. We shall now give an elementary proof of the fact that character and π-character coincide in compact Mal tsev spaces and in fact this is also true for Mal tsev spaces of point-countable type. We first prove the following theorem. Theorem 2.6. Suppose that X is a compact subset of a Mal tsev space Z. Then for all x ∈ X, χ(x, X) ≤ πχ(x, Z).
Proof. Let Z be a Mal tsev space such that X ⊆ Z and fix a Mal tsev function µ on Z. All closures are taken in Z. Fix a point x ∈ X and a local π-base B at x in Z. For every B ∈ B, we pick y B ∈ B. For y ∈ Z we define f y : Z → Z by f y (z) = µ(y, x, z). Note that f y (x) = y for every y ∈ Z.
Let U = {X ∩f
[B] : B ∈ B}. We will show that this is a local basis at x in X. Since |U| ≤ |B|, this suffices to prove the theorem. Note in particular that U is a collection of open neighbourhoods of x in X.
So let U be some open neighbourhood of x in X. Then X \U is a compact subset of Z which misses x and therefore we may find an open neighbourhood
By a standard compactness argument, we may find an open neighbourhood W of x in Z such that
Since B is a local π-base at x in Z, we may find B ∈ B such that B ⊆ W ∩V . We prove the following claim;
and suppose that z ∈ U . Then z ∈ X \ U and since x, y ∈ W , it follows that (y,
But B ⊆ V and therefore B ∩ (X \ V ) = ∅. This is a contradiction.
From the claim it follows that X ∩ f −1 y B
[B] is a neighbourhood of x in X which is contained in U . Since U was arbitrary, we have proved that U is a local basis at x in X and this completes the proof.
Recall that the point compactness type of a space X, pct(X), is defined as the least cardinal number κ with the property that for every x ∈ X, there is a compact subset F of X such that x ∈ F and χ(F, X) ≤ κ. A space is said to be of point-countable type if its point compactness type is countable. It follows from the following corollary that if X is of point-countable type and some power of X is rectifiable, then χ(X) = πχ(X).
Corollary 2.7. If X is a Mal tsev space, then χ(X) = πχ(X)pct(X). In particular, if X is of point-countable type, then χ(X) = πχ(X).
Proof. Fix x ∈ X and a compact subset F of X such that x ∈ F and χ(F, X) ≤ pct(X). We have just proved that χ(x, F ) ≤ πχ(x, X). Furthemore, it is well known that χ(x, X) ≤ χ(x, F ) · χ(F, X) (see for example [4, 3. 1.E]), so it follows that, χ(x, X) ≤ χ(x, F ) · χ(F, X) ≤ πχ(x, X)pct(X).
